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Società Italiana di Fisica
Springer-Verlag 2001

The axisymmetric equivalent of Kolmogorov’s equation
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Abstract. A type of turbulence which is next to local isotropy in order of simplicity, but which corresponds
more closely to turbulent flows encountered in practice, is locally axisymmetric turbulence. A representation
of the second and third order structure function tensors of homogeneous axisymmetric turbulence is given.
The dynamic equation relating the second and third order scalar structure functions is derived. When
axisymmetry turns into isotropy, this equation is reduced to the well-known isotropic result: Kolmogorov’s
equation. The corresponding limiting form is also reduced to the well-known isotropic limiting form of
Kolmogorov’s equation. The new axisymmetric and theoretical results may have important consequences
on several current ideas on the fine structure of turbulence, such as ideas developed by analysis based on
the isotropic dissipation rate εiso or such as extended self similarity (ESS) and the scaling laws for the
n-order structure functions.

PACS. 47.27.Ak Fundamentals – 47.10.+g General theory

1 Introduction

A fundamental result for the basic dynamic equations
for the structure functions of isotropic turbulence is
Kolmogorov’s equation which connect the longitudi-
nal scalar function of second-order, DLL(r, t)=〈(δuL)2)〉
to the third-order one, DLLL(r, t)= 〈(δuL)3〉, where
δuL(r) = uL(x+r)−uL(x). Kolmogorov [1] used Karman-
Howarth’s (K-H’s) equation to derive his equation. It pre-
supposes global isotropy (isotropy of the small scales of
turbulence as well as of the large scales),

DLLL = 6ν
dDLL

dr
− 4

5
εisor (1)

where ν is the kinematic viscosity, r the spacing or scale,
〈〉 the average over the pdf of δu(r) and εiso is the mean
rate of energy dissipation. For the inertial range scales,
(1) is reduced to the well-known Kolmogorov’s 4

5 law

DLLL = −4
5
εisor. (2)

This equation has received significant attention by exper-
imentalists since it predicts a linear behaviour of 〈(δu)3〉
in the inertial range.

For example, Antonia et al. [2] have measured the
second-order structure functions in both laboratory and
atmosphere. They indicate that the four-fifth law, equa-
tion (2), which is a consequence of the Navier-Stokes
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equations with the assumption of local isotropy, provides
an important, although perhaps stringent, test for the
data. Moreover, for all the flows, the isotropic dissipation,
εiso = 15νu2

1,1, was assumed to determine the rate of dis-
sipation ε. However, the authors pointed out that a more
reliable estimate of ε can perhaps be obtained from the
third-order structure function 〈(δu)3〉 since the behavior
of 〈(δu)3〉 in the inertial sub-range can be obtained di-
rectly from the four-fifth law, equation (2).

Moisy et al. [3] have carried out a detailed systematic
comparison between Kolmogorov equation with a forcing
term and experimental measurements, in low temperature
helium gas. They showed that a forced Kolmogorov equa-
tion is accurately verified by experiment, for a range of Rλ
between 120 and 1200, within ±3% relative error. Their
results, whether close or far from the asymptotics, have
been accurately interpreted by assuming an isotropic ho-
mogeneous turbulence state.

In reference [4], the authors have modeled the velocity
field in an isotropic and homogeneous turbulence. They
presented velocity structure functions with scaling behav-
iors close to those known in the experiments and DNS.
They remarked that Kolmogorov’s four-fifth law is ob-
served to be valid in a small scale range. Their model
analysis is considered to represent successfully the statis-
tical behaviors at small scales and higher orders.

The average turbulent energy dissipation is often esti-
mated by assuming isotropy and measuring the temporal
derivative of the longitudinal velocity fluctuation [5]. In
this reference, the nine major terms that make up the to-
tal dissipation have been measured in the self-preserving
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region of a cylinder wake. The results indicate that local
isotropy is not satisfied; the isotropic dissipation, com-
puted by assuming isotropic relations, being smaller than
the total dissipation by about 45% on the wake centerline
and by 88% near the wake edge. When the assumption of
isotropy is relaxed to one of local axisymmetry [6], sat-
isfactory agreement is indicated by the data outside the
wall-region. Prakovsky et al. [7] have tested experimen-
tally the validity of Kolmogorov refined similarity hypoth-
esis (RSH) in the mixing layer and in the return channel
of a large wind tunnel. The energy dissipation rate is mea-
sured and the results are in good agreement with the RSH.
Antonia et al. [8] showed that the fully measured mean
dissipation rate ε is in good agreement with the value in-
ferred from the rate of decay of the mean turbulent energy
in the quasi-homogeneous region of a decaying grid tur-
bulence. The isotropic mean energy dissipation rate εiso
agrees with this value even though individual elements of
ε indicate departures from isotropy due to the small value
of Rλ. Hosokawa et al. [9] revealed that the one dimen-
sional (1D) surrogates of the scalar dissipation rate as well
as the energy dissipation rate are often used in place of
the true ones in investigations relevant to the Obukhov-
Corrsin spectral form and the joint-multifractal nature of
isotropic turbulence with an advected scalar. Their DNS
show that the use of the 1D surrogates lead to fundamen-
tal changes in statistics.

In 1959, Monin [10] relaxed the assumption of isotropy
to local isotropy. The notion of locally isotropic turbu-
lence which is less restrictive than isotropy was introduced
by Kolmogorv in 1941 [11]. However, it is important to
emphasize that turbulent flows encountered in practice
and that many laboratory flows are only approximately
isotropic. The question of the degree of their isotropy is
still not quite clear. Deviations from the isotropic state are
more pronounced when the degree of anisotropy of a tur-
bulent flow increases (real flow). In these special cases, an
accurate description of real turbulent flow can be achieved
by investigating more general theoretical models involv-
ing, for example, axisymmetric or general homogeneous
but non-isotropic turbulence. That was the purpose of
some authors [12–15]. To produce general results, proved
on more general grounds than the previous isotropic re-
sults, these authors derived Monin’s equation using only
local homogeneity. Derivations were carried out using lo-
cal homogeneity to the furthest extend possible. However,
general locally homogeneous and non-isotropic turbulence
is somewhat difficult to be tested experimentally. Indeed,
in the case of homogeneous turbulence when no symmetry
conditions at all are imposed, the statistics of a turbulent
field are somewhat difficult to study [16,17]. Because of
this, it is usual and practical as well as gain in simplic-
ity, to consider fields of turbulence which satisfy certain
symmetry conditions (in statistical sense).

Homogeneous axisymmetric turbulence is a type of
turbulence which is next to local isotropy in order of
simplicity, but which corresponds more closely to turbu-
lent flows encountered in practice. It is the first test case
for hypotheses on general effects of anisotropy. It would

seem profitable to examine the form that Kolmogorov and
Monin equations would take when only local axisymme-
try is adopted, an assumption which is intermediate in
severity between local homogeneity and local isotropy. Re-
cently, Lindborg [18] gave an interesting theoretical repre-
sentation of axisymmetric turbulence. He obtained expres-
sions for second and third-order axisymmetric two-point
correlation tensors in terms of measurable scalar func-
tions. Following Lindborg’s representation, Ould-Rouiss
et al. [15] proposed preliminary investigations relative to
the axisymmetric forms of the structure function tensors.

Moreover, the statistical behavior of 3D fully devel-
oped turbulence at small scales has been intensively in-
vestigated in the last five decades. A common way to
study this problem is through the velocity structure func-
tions 〈(δuL)n〉. Indeed, K41 theory predicts that at very
large Reynolds numbers, the scaling 〈(δuL(r))n〉 ≈ rξ(n)

with ξ(n) = n/3 holds for r in the inertial range (i.e.
η � r � L, η is the dissipative scale and L the in-
tegral scale). However, many experimental and numeri-
cal investigations have highlighted slight deviations from
the K41 predictions ξ(n) = n/3, n 6= 3. These deviations
are usually related to intermittency in the energy dissipa-
tion. Data of various and different turbulent flows at high
Reynolds numbers have been analysed and showed the
existence of universal scaling laws for 〈(δuL(r))n〉 in the
inertial range (self-similarity). Recently, Benzi et al. [19]
showed that the statistical properties are also self sim-
ilar at low Reynolds numbers. An extended self scaling
was found when a structure function is plotted against
the other one [20]. Much work have been devoted in the
last few decades to the measurement and modeling of the
scaling of structure functions in turbulent flows. Qian [21]
applied Kolomogorov equation to study the relative scal-
ing of DLL(r) against −DLLL(r) according to the ESS
method. The limits of ESS are discussed in reference [22].
A modification of the ESS concept is proposed. Correc-
tions to the original ESS form are determined. Stolovitzky
and Sreenivasan [23] indicated that the deviations from
the Kolmogorov scaling appear real in the inertial range.
Therefore, it would be interesting to examine the con-
sequences of the new axisymmetric and theoretical re-
sults developed in the present paper on the extended-self-
similarity theory.

This work is mainly motivated by experimental needs.
The objective is to obtain expressions that can be tested
experimentally. Thus, locally axisymmetric turbulence is
the best alternative. It is an assumption intermediate be-
tween local homogeneity for which relevant quantities are
not measurable and local isotropy which is the simplest
case of turbulence or a mathematical idealization.

Following Lindborg’s representation [18], this paper
presents an analysis of homogeneous axisymmetric tur-
bulence. The “axisymmetric” equivalent of the dynamic
“isotropic” equation is derived. Axisymmetric forms of the
second and third-order tensors for velocity structure func-
tions are derived in Sections 3 and 4 respectively. The
axisymmetric form of the mean energy dissipation rate is
considered in Section 5. The “axisymmetric” equivalent
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of Monin’s “isotropic” equation is derived in Section 6
as well as the limiting form of the axisymmetric form of
Kolmogorov’s equation when r→ 0. The “axisymmetric”
equivalent of Kolmogorov’s “isotropic” equation is also de-
rived in Section 6. Consequences on the fine structure of
turbulence are discussed in Section 7.

2 Monin’s equation

For homogeneous isotropic turbulence, Monin (see p. 403,
Ref. [10]) has derived an equation relating Dij = 〈δuiδuj〉,
the second-order velocity increment tensor to Dijk =
〈δuiδujδuk〉, the third-order velocity increment tensor.
He assumed local isotropy to make the pressure terms
vanish. After contracting indices (i = j), the equation
was projected onto the longitudinal direction, leading to
Kolmogorov’s equation. Ould-Rouiss et al. [15] were able
to derive Monin’s equation (i.e. the non-projected form of
Kolmogorov’s equation) assuming only local homogeneity.
The main elements of the derivation are briefly recalled
below.

The difference between the Navier-Stokes equations for
the velocity component u0i at point x0i and the compo-
nent ui at xi = x0i + ri is

∂

∂t
δui + uα∂αui − u0α∂0αu0i =

− 1
ρ

(∂ip− ∂0ip0) + ν∂2
αui − ν∂2

0αu0i, (3)

where δui = ui − u0i is the velocity increment. In this
paper, repeated indices imply summation and no summa-
tion is implied by repeated Greek indices. Since ui (or pi)
depends only on x, and u0i (or p0i) depends only on x0,
equation (3) is reduced to

∂tδui + δuα∂αδui + u0α(∂α + ∂0α)δui =

− 1
ρ

(∂i + ∂0i)δp+ ν(∂2
α + ∂2

0α)δui. (4)

Here, ∂α means ∂/∂xα and ∂2
α means ∂2/∂x2

α. After multi-
plying both sides of this equation by 2δui, and averaging,
“Monin’s” equation follows

∂

∂rα
Diiα = 2ν

∂2

∂r2
α

Dii − 4ε, (5)

where the pressure term 〈δui∂iδp〉 ≡ −〈δp∂iδui〉 van-
ishes because of continuity. Because of homogeneity,
〈u0α∂0α(δui)2〉 and 〈u0α∂α(δui)2〉 are also zero. Note that
Monin’s equation could be more directly obtained by first
multiplying equation (3) by δuj and then multiplying the
equation for δuj by δui. Adding the two equations yields

∂

∂rα
Dijα = 2ν

∂2

∂r2
α

Dij −
4
3
εδij , (6)

with

ε = ν
〈
(∇αui)2

〉
· (7)

Dij and Dijα as well as ε can be replaced by their ax-
isymmetric forms since equation (6) is valid for homoge-
neous turbulence. Axisymmetric forms of Dij and Dijk

are developed in Sections 3 and 4 respectively while the
axisymmetric form of ε is given in Section 5.

Similar generalizations of Monin’s equation in the in-
ertial range have been also given by Frisch [12] and
Lindborg [13]:

∂

∂rα
Diiα = −4ε, (8)

The basis of their derivations includes homogeneity and
incompressibility. In 1997, Hill [14] used local homogene-
ity to obtain their generalization (8). Hill also discussed
the range of applicability to experiments of Kolmogorov’s
and Monin’s equations. Note that equation (8) is not a
generalization of Kolmogorov’s 4

5 law as emphasized by
Hill, but a generalization of Monin’s equation when the
viscous effects are negligible.

Monin’s equation is needed in subsequent sections in
order to derive formulas for locally axisymmetric turbu-
lence. Indeed, one of the primary objectives of this paper is
to examine the statistics and the dynamics of fields which
are homogeneous, but neither isotropic nor local isotropic.
Since the work of Batchelor [24] and Chandresakhar [25],
there have been a few studies on axisymmetric turbulence.
George and Hussein [26] introduced the concept of lo-
cally axisymmetric turbulence and provided experimental
support for some of its consequences. They gave a dis-
cussion for the nearly axisymmetric turbulence. Locally
axisymmetric turbulence was also examined by Antonia
et al. [6] in the context of DNS data for a fully devel-
oped turbulent channel flow and by Hussein [27] for data
in a turbulent plane jet. It would appear that only lim-
ited progress has been made on the theory of axisymmet-
ric turbulence. For example, relations between the scalar
functions of the second-order structure function tensor, or
relations between the scalar functions of the third-order
structure function tensor or the axisymmetric equivalent
of Kolmogorov’s equation are not available. This could
limit the applicability of the theory. The objective of this
work is to derive this kind of relations which can be tested
experimentally.

3 Second-order tensor Dij

In this section, the axisymmetric form of the second-order
tensor is derived. Relations between the scalar functions of
this tensor are also derived. Figure 1 shows the system of
orthogonal unit vectors (λ, e2, e1) chosen to represent ax-
isymmetric tensors for velocity structure functions. The
procedure is similar to that established by Lindborg for
the second-order correlation tensor and yields equivalent



110 The European Physical Journal B

Fig. 1. Cartesian coordinate system showing velocity compo-
nents.

results. Details are not presented in this section and can
be found in reference [18] or [16]. Hereafter, only impor-
tant results are given. The second-order structure function
tensor, in the system of Figure 1, is written

Dij(r) = λiλjD1 + e2ie2jD2 + e1ie1jD3

+ (λie2j + λje2i)D4 (9)

where the scalar functions D1, D2, D3 and D4 depend on
ρ = |r × λ| and z = r · λ, and can all be measured since
they are defined as follows

D1 = 〈(δu1)2〉 = 〈(up1 − u01)2〉 (10a)

D2 = 〈(δu2)2〉 = 〈(up2 − u02)2〉 (10b)

D3 = 〈(δu3)2〉 = 〈(up3 − u03)2〉 (10c)

D4 = 〈δu1δu2〉 = 〈(up1 − u01)(up2 − u02)〉 · (10d)

Note that, in this paper, the longitudinal velocity com-
ponent u1 is also written uL in the case of isotorpic tur-
bulence. The other two components u2 and u3 are written
uN for isotropic turbulence. Also, D1, D2, D3 are even in
z while D4 is odd with respect to z.

Relations between D1, D2, D3, D4 follow from conti-
nuity, i.e.

∂

∂ρ
(ρD4) + ρ

∂

∂z
(D1) = 0 (11a)

D3 =
∂

∂ρ
(ρD2) + ρ

∂

∂z
D4. (11b)

The axisymmetric scalar functions D1, D2, D3, D4

are related to the isotropic ones, DLL and DNN , by

D1 =
z2

r2
DLL +

ρ2

r2
DNN (12a)

D2 =
ρ2

r2
DLL +

z2

r2
DNN (12b)

D3 = DNN (12c)

D4 =
ρz

r2
(DLL −DNN ). (12d)

After substituting (12 a–d) into equations (11a, b), the
isotropic result

DNN(r) =
(

1 +
r

2
∂

∂r

)
DLL(r) (13)

is obtained. Note that when r is parallel to λ, i.e. in the
particular axisymmetric case with ρ = 0, we have D2 =
D3 and D4 = 0; this leads to

Dij(r) = λiλjD1 +D2(δij − λiλj) (14)

which is similar in form to the second-order isotropic ten-
sor

Dij(r) =
rirj
r2

DLL +DNN

(
δij −

rirj
r2

)
(15)

However, D1 and D2 are independent scalar functions
whereas DLL and DNN are related through (13).

Understanding the structure in space of a turbulent
flow, as well as its statistical properties, remains a chal-
lenge for both the experimentalist and the theoretician.
The theory of turbulence have been developed with some
success, for the special case of isotropic turbulence. How-
ever, from an experimental point of view, isotropic tur-
bulence does not occur naturally, nor is it particularly
easy to produce. Many investigations have showed that
their results are in disagreement with the classical pic-
ture of turbulence which assumes the small scales to be
isotropic. For example, it has been known that there are
deviations from K41 scaling laws. Namely, the nth order
velocity structure function 〈(δu1)n〉 does not scale as rn/3.
Recent wind tunnel experiments [28] and numerical sim-
ulations [29] have confirmed this anomalous scaling with
a new additional result: scaling exponents (for n being
even) measured along the longitudinal direction differed
from those in the lateral direction significantly.

In order to assess the isotropy/anisotropy condition
of the three dimensional, incompressible, unforced tur-
bulent flow, and using high order resolution simulations,
Boratav has computed the second order lateral structure
function DNN directly, and compared it to the values of
DNN obtained from the isotropic relation equation (13).
The computed DNN and the isotropic relation are in good
agreement, with some deviations at the larger r end of the
inertial range.
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Grossmann et al. [30] employed Batchelor’s
parametrization to be able to scale up the longitu-
dinal second order structure function DLL(r) to much
larger Reynolds number and thereby get consistent data
for the transverse second order structure function and for
the third order longitudinal structure function DLLL(r),
which for isotropic, homogeneous, incompressible tur-
bulence both follow from DLL(r), namely through the
relation equation (13) and through equation (1) respec-
tively. For the transverse second order structure function,
they found poor agreement between the curve evaluated
from equation (13) and their numerical results. They
outlined that the reason is that the flow is not isotropic
and homogeneous at the large scales.

As noted by Herweijer and Van de Water [31], the lon-
gitudinal and transverse scaling exponents should strictly
be equal for homogeneous isotropic turbulence since DLL

and DNN are linked through equation (13). However,
these scaling exponents are different. The observation that
the transverse velocity increments scales differently from
longitudinal velocity increments is currently receiving a
great deal of attention [32–35]. The difference in scaling,
if suitably corroborated, would need to be taken into ac-
count in small scale turbulence models. Antonia et al. [8]
indicated that the transverse velocity increments show
larger departures than longitudinal increments from pre-
dictions of Kolmogorov (K41). They have pointed out that
a source of the discrepancy may be that, for their small
value of the Reynolds number Rλ, any anisotropy in the
flow will tend to affect the transverse increments more
than the longitudinal ones. As Rλ increases and/or the
isotropy improves, it is expected that the inequality will
eventually disappear.

Remember that the basic notion underlying
Kolmogorov’s hypothesis is that of local isotropy,
which implies that small scales are statistically ho-
mogeneous and isotropic. At the level of second order
statistics (〈(δui)n〉, n = 2), the evidence (see Monin and
Yaglom [10]) in favour of Kolmogorov’s hypothesis is
considered so solid that it is often forgotten that there
is room for worry [36]. Conclusions from second order
statistics are not comforting. For example, local isotropy
implies that

E2(k1) = E3(k1) =
1
2

[
E1(k1)− k1

∂E1(k1)
∂k1

]
where E1, E2 and E3 are the spectral densities of the
fluctuations in directions 1, 2 and 3 respectively, and k1

is the component of the wavenumber in the direction 1.
The most detailed test of this equation appears to have
been made by Champagne [37], who states that the com-
puted spectra E2(k1) and E3(k1) are in fair agreement
with experiment, though consistently higher in the dissi-
pative wavenumber region. This is not an overwhelming
endorsement. The few existing measurements of E2(k1)
and E3(k1) – for example Laufer [38] in the pipe flow,
Klebanoff [39] and Mestayer [40] in the boundary layer,
Kistler and Vrebalovich [41] in grid turbulence – show
hardly any 5/3 region, and almost all of them are un-

supportive of the result from local isotropy that the ratio
3E2(k1)
4E1(k1) should be unity in the inertial range. The Reynolds
numbers in most of these flows have been thought to be
respectively high.

The lapses of local isotropy have been voiced be-
fore [42,43]. Local isotropy appears a doubtful proposi-
tion, at least in the inertial range and for most Reynolds
numbers of practical interest. Therefore local axisym-
metry is the best alternative to describe the fine scale
structures. It is evident that the relations derived in this
section for the second order structure functions must
play in the theory of locally axisymmetric homogeneous
turbulence the same role which the corresponding rela-
tions (Eqs. (13, 15)) have played in the theory of locally
isotropic homogeneous turbulence. They should help the
experimentalist to better understand the structure of a
real turbulent flow.

4 Third-order tensor Dijk

In this section, we have developed the two-point repre-
sentation for the third-order tensor and established the
properties of the corresponding scalar functions that are
needed for reduction of the general formulae in Section 6.
For axisymmetric turbulence without rotation about the
axis of symmetry, we can write the third order structure
function tensor

Dijk(r) = λiλjλkT1

+ T2(λje2ie2k + λie2je2k + λke2ie2j)

+ T3(λje1ie1k + λie1je1k + λke1ie1j)

+ T4(λiλke2j + λiλje2k + λjλke2i)

+ e2ie2je2kT5

+ T6(e1ie1ke2j + e1ie1je2k + e1je1ke2i) (16)

where T1, T2 · · ·T6 are scalar functions of ρ and z. This
tensor is symmetric in its three indices and it can readily
be shown that

∂3Dijk

∂ri∂rj∂rk
= 0. (17)

Now, using definition (16) of the tensor Dijk, equa-
tion (17) leads to a relation between the six scalar func-
tions T1, T2 · · ·T6, viz.

∂3T1

∂z3
− 3
ρ

∂2

∂ρ∂z
T2 +

3
ρ

∂3

∂ρ2∂z
(ρT3)

+
3
ρ

∂3

∂z2∂ρ
(ρT4) +

1
ρ

∂3

∂ρ3
(ρT5)

− 3
ρ

∂

∂ρ

(
1
ρ

+
∂

∂ρ

)
T6 = 0 (18)
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where

T1(ρ, z) =
〈
(δu1)3

〉
T2(ρ, z) =

〈
(δu2)2δu1

〉
T3(ρ, z) =

〈
(δu3)2δu1

〉
T4(ρ, z) =

〈
(δu1)2δu2

〉
T5(ρ, z) =

〈
(δu2)3

〉
T6(ρ, z) =

〈
(δu3)2δu2

〉


· (19)

Equation (18) shows that the six scalar functions are re-
lated by a single expression. This relation is similar to
the two relations, equations (11a, b), corresponding to the
second-order tensor Dij(r).

As in Section 3, it is possible to establish relations
between the axisymmetric scalar functions T1, T2, · · ·T6

and the isotropic third-order functions DLNN and DLLL.
The third-order isotropic tensor can be expressed in terms
of the two non-vanishing scalar functions

Dijk(r) = (DLLL − 3DLNN)
rirjrk
r3

+DLNN

(ri
r
δjk +

rj
r
δik +

rk
r
δij
)
. (20)

Now, we project this tensor onto the tensors λiλjλk,
λke2ie2j, λke1ie1j, λiλje2k, e2ie2je2k and e2ie1je1k which
corresponds to T1, T2, T3, T4, T5 and T6 respectively. The
resulting formulas for the Ti’s (which give relations be-
tween the axisymmetric functions and the isotropic ones)
are as follows

T1 = (DLLL − 3DLNN)
z3

r3
+DLNN

(
3z
r

)
(21a)

T2 = (DLLL − 3DLNN)
zρ2

r3
+DLNN

(z
r

)
(21b)

T3 =
z

r
DLNN (21c)

T4 = (DLLL − 3DLNN)
z2ρ

r3
+DLNN

(ρ
r

)
(21d)

T5 = (DLLL − 3DLNN)
ρ3

r3
+DLNN

(
3ρ
r

)
(21e)

T6 =
ρ

r
DLNN . (21f)

Note that when λ and r are parallel, i.e. in the particular
axisymmetric case with ρ = 0, we have T2 = T3 and T4 =
T5 = T6 = 0. In this case, the representation of the tensor
becomes similar to the representation of the isotropic one
(here Eq. (20))

Dijk(r) = λiλjλk(T1 − 3T2)
+ T2(λjδik + λiδjk + λkδij). (22)

Of course, the isotropic functions DLLL and DLNN are
related through (25), whereas T1 et T2 are axisymmetric
independent scalar functions.

With the help of relations (21a–f), we can verify that
equation (18) is reduced, in the case of isotropic turbu-
lence, to the well-known relation between the isotropic
scalar functions of the tensor Dijk(r). After substitut-
ing (21 a–f) into equation (18) and using the definitions
r2 = ρ2+z2, ρ = r(1−µ2)1/2, z = rµ, it can be shown that

6
r2

(
∂

∂r
+ r

∂2

∂r2
+
r2

6
∂3

∂r3

)
DLLL =

18
r2

(
∂

∂r
+
r

3
∂2

∂r2

)
DLNN . (23)

This can be re-written(
1 +

r

3
∂

∂r

)
∂

∂r

[
1
6

(
1 + r

∂

∂r

)
DLLL −DLNN

]
= 0.

(24)

Using Monin and Yaglom’s argument (p. 122), the only so-
lution of (24) which does not have a singularity at r = 0, is

DLNN =
1
6

(
1 + r

∂

∂r

)
DLLL, (25)

i.e. the isotropic result [10].
In the theory of locally isotropic turbulence, particular

attention was given to the second order structure function,
i.e. the averaged squared values of the velocity increment.
The implication of the theory of local isotropy with regard
to the behavior of the above structure function, and of the
third order structure function, and more generally, the mo-
ments of spatial velocity increments are well known [10].
The most typical statistics studied for the approach to lo-
cal isotropy are the ratios of the off-diagonal components
of the velocity spectrum tensor to its on-diagonal com-
ponents. These statistics are studied by Saddoughi and
Veeravalli [44] and Borue and Orszag [45] as well as by
others. In terms of structure functions, the results is that
for α 6= β, Dαβ(r)/D11(r) decreases proportional to r2/3

in the inertial range (a consequence of K41). The fact that
the second order structure function follows an r2/3 law im-
plies a k−5/3 law for the energy spectrum. Experimental
results sometimes support the K41 theory as far as the
second order structure function (and thus the spectrum)
is concerned. The consistency between the K41 theory and
experimental data on structure functions is questionable
when n > 3 [12].

The third order structure function tensor and rela-
tions between its scalar functions have been sometimes
employed to check local isotropy. Hill and Thorodsen [46]
gave formulas for the two-point correlation of fluid-particle
acceleration in terms of velocity structure functions. The
two-point correlation of the fluid-particle acceleration is
the sum of pressure gradient and viscous force correla-
tions. The pressure gradient correlation is related to the
fourth order velocity structure function (for the assump-
tion of joint Gaussian velocities, the pressure gradient
contribution to acceleration correlation is linked to the
second order structure function). The acceleration correla-
tion caused by viscous forces is formulated in terms of the
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third order velocity structure function (the incompressibil-
ity condition, Eq. (25), is used). Velocity data from grid-
generated turbulence in a wind tunnel are used to evaluate
these quantities. The evaluated relationships require only
the Navier-Stokes equation, incompressibility, local homo-
geneity and local isotropy. A motivation of these authors
is to encourage the design of experiments capable of eval-
uating the acceleration correlation.

Frisch [12] re-expressed the energy flux in terms of
third order moments of longitudinal velocity increments.
These are much simpler to measure experimentally. How-
ever relations between the third order scalar functions
are not usually used to study the approach to local
isotropy/anisotropy. An experience with nearly homo-
geneous wind-tunnel grid turbulence suggest that equa-
tion (25) is not easily satisfied even when equation (13) is
satisfied [14].

5 Dissipation

There is a considerable evidence that local isotropy is not
an adequate description of the velocity derivatives mo-
ments for at least the finite Reynolds numbers associ-
ated with many turbulent laboratory flows (Georges and
Hussein [26]).

The dissipation term in equation (5) is defined, for
homogeneous turbulence, by equation (7). For isotropic
turbulence, this equation is reduced to

εiso = 15ν

〈(
∂u1

∂x1

)2
〉
· (26)

The general form of ε in homogeneous turbulence is
(Batchelor [24]; George and Hussein [26])

εij = −ν
(
∂2Bij(r)
∂rn∂rm

)
r=0

= ν

〈
∂ui
∂xm

∂uj
∂xn

〉
(27a)

or,

ε = 2ν

[〈(
∂u1

∂x1

)2
〉

+

〈(
∂u2

∂x2

)2
〉

+

〈(
∂u3

∂x3

)2
〉

+
〈
∂u1

∂x2

∂u2

∂x1

〉
+
〈
∂u1

∂x3

∂u3

∂x1

〉
+
〈
∂u2

∂x3

∂u3

∂x2

〉]
+ ν

[〈(
∂u1

∂x2

)2
〉

+

〈(
∂u2

∂x1

)2
〉

+

〈(
∂u1

∂x3

)2
〉

+

〈(
∂u3

∂x1

)2
〉

+

〈(
∂u2

∂x3

)2
〉

+

〈(
∂u3

∂x2

)2
〉]
· (27b)

For axisymmetric turbulence, in the (λi, e2i, e1i) co-
ordinate system, equation (27a) becomes when i = j

ε = −ν
[(

1
ρ

∂

∂ρ
+

∂2

∂ρ2
+

∂2

∂z2

)
Bii(r)

]
r=0

, (28)

where Bii(r) = B1 + B2 + B3. Now, we can write Taylor
expansions for B1, B2 and B3

Bα = B0α + aαρ
2 + bαz

2 + cαρ
4

+ dαz
4 + eαρ

2z2 + ...

where α = 1, 2 or 3. Using these expansions into (28), we
have showed that [16]

ε = 4ν(a1 + a2 + a3) + 2ν(b1 + b2 + b3) (29)

where

aα =
1
2!

(
∂2Bα
∂ρ2

)
r=0

, bα =
1
2!

(
∂2Bα
∂z2

)
r=0

·

The aα’s and bα’s can be equally written

a1 =
1
2

〈(
∂u1

∂x2

)2
〉
, a2 =

1
2

〈(
∂u2

∂x2

)2
〉
,

a3 =
1
2

〈(
∂u3

∂x2

)2
〉
, b1 =

1
2

〈(
∂u1

∂x1

)2
〉
,

b2 =
1
2

〈(
∂u2

∂x1

)2
〉
, b3 =

1
2

〈(
∂u3

∂x1

)2
〉
·

Therefore, the axisymmetric form of the dissipation is

εaxi = 2ν

[〈(
∂u1

∂x2

)2
〉

+

〈(
∂u2

∂x2

)2
〉

+

〈(
∂u3

∂x2

)2
〉]

+ ν

[〈(
∂u1

∂x1

)2
〉

+

〈(
∂u2

∂x1

)2
〉

+

〈(
∂u3

∂x1

)2
〉]
· (30)

Moreover, in the particular case of axisymmetric turbu-
lence with r parallel to λ, since B2 = B3, we have b2 = b3
and a3 = 3a2 − b1. In this case, the dissipation when r is
parallel to λ is reduced to

ε = 4ν(a1 + 4a2) + 2ν(−b1 + 2b2) (31)

or

εaxi

ν
=−

〈(
∂u1

∂x1

)2
〉

+ 8

〈(
∂u2

∂x2

)2
〉

+ 2

〈(
∂u1

∂x2

)2
〉

+ 2

〈(
∂u2

∂x1

)2
〉

(32)
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which is identical to the dissipation derived by Georges
and Hussein [26]. These two equations for the dissipa-
tion (30) and (32) are reduced to the well-known dissi-
pation (26) when axisymmetry turns into isotropy.

The characterization and measurement of small-scale
motions of turbulent flow have presented two of the most
challenging problems of turbulence research over the past
50 years. One of the primary experimental concerns has
been the determination of the rate of dissipation of tur-
bulent kinetic energy. Direct measurement of the average
dissipation clearly requires measurements of various com-
ponents of the spatial derivatives (see Eq. (27b). Because
this is impossible in practice, investigators have usually
relied on the assumption of local isotropy and Taylor’s
frozen-field hypothesis in determining the dissipation. Re-
member that local isotropy implies that the fine structure
of turbulence is isotropic, so that its statistical proper-
ties are invariant with respect to rotation and reflection
about the coordinate axes. Several kinematics conditions
are imposed on the fine structure velocity and tempera-
ture fields. Taylor [47] derived simple relations between
mean square velocity derivatives at one point in a tur-
bulent flow; these relations are clearly important as they
permitted the dissipation of turbulent energy to be writ-
ten in terms of only one, easily measured, mean square
velocity derivative: 〈u2

1,1〉·
The assumption of local isotropy simplified the exper-

iments significantly but the accuracy of the results were
impaired by the fact that shear flows such as the jet did not
usually satisfy the relations for local isotropy. Hussein [27]
showed that this flow does not satisfy the requirements of
local isotropy. He showed that the flow satisfies the con-
ditions for local axisymmetric turbulence introduced by
George and Hussein [26] to within the experimental er-
ror. These conditions give relations between the spatial
derivatives. From these relations, it follows immediately
the axisymmetric form of the dissipation of turbulent en-
ergy equation (32).
George and Hussein [26] showed, using their measure-
ments in a relatively high Reynolds number round jet
and those of Brown et al. [5] in a low Reynolds num-
ber wake, that mean square values of velocity derivatives
are in quite reasonable agreement with local axisymmetry.
Browne et al. [5] have shown that the isotropic relation
equation (26) underestimates the dissipation by almost
45% at the wake centerline of the cylinder, where the flow
is fully turbulent, and by 80% near the edge of the wake,
where the effect of intermittency becomes important.

As indicated previously, many experimental and the-
oretical studies do not support Kolmogorov’s theory and
the deviations are usually related to intermittency in the
energy dissipation. Intermittency is a central problem in
turbulence. Many attempts have been made to obtain the
numerical values of the intermittency exponent from ex-
periments. Note that the space derivative is generally ap-
proximated by the time derivative according to Taylor’s
frozen flow hypothesis, and that one component of dissi-
pation is considered as an adequate representation of the
total dissipation statistically. However, Sreenivasan and

Kailasnath [48] indicate that these approximations are not
critical to the determination of the intermittency expo-
nent.

Direct numerical simulations of fully developed tur-
bulent channel flow at two low Reynolds numbers show
that the average dissipation is not consistent with local
isotropy, except near the channel centerline. When the
assumption of local isotropy is relaxed to one of local ax-
isymmetry, satisfactory agreement is indicated by the data
outside the wall region [6].

These agreements obtained between local axisymme-
try and available measurements or direct numerical sim-
ulations indicate that a more accurate representation can
be obtained for the energy dissipation than by invoking
local isotropy. The implication of this result should be sig-
nificant experimentally and can be used to enhance and
improve turbulence models. Most importantly, local ax-
isymmetry places the dissipation and their components
(for a real flow) within the reach of the experimentalist.
The assumption of local axisymmetry makes it possible
to measure the accurate dissipation using relatively sim-
ple hot-wire configurations. All the previous relations de-
rived for the second order (see Sect. 3)and third order (see
Sect. 4) structure function tensors and for the energy dis-
sipation (see Sect. 5) for locally axisymmetric turbulence
are needed in subsequent sections.

6 Axisymmetric form of Monin’s equation

To simplify the arithmetic, equation (5), which is valid
for homogeneous turbulence, will be used as the starting
point. After substituting into this equation the axisym-
metric tensors Diiα(r) by equation (16), Dii(r) by equa-
tion (9) and the dissipation by equation (30), the result is
the general axisymmetric form of Monin’ equation

∂

∂z
(T1 + T2 + T3) +

(
1
ρ

+
∂

∂ρ

)
(T4 + T5 + T6) =

2ν
(
∂2

∂z2
+

∂2

∂ρ2
+

1
ρ

∂

∂ρ

)
(D1 +D2 +D3)− 4εaxi . (33)

6.1 Isotropy

It can be readily shown that the axisymmetric form of
Monin’s equation (33) is reduced to Monin’s equation
which leads to Kolmogorov’s equation in the case of
isotropic turbulence (when λ is allowed to assume any
direction). Substituting relations (12a–d) and (13) for the
second-order tensor and relations (21a–f) and (25) for the
third-order tensor into equation (33), we obtain(

2
r

+
∂

∂r

)[
1
3

(
4 + r

∂

∂r

)
DLLL

− 2ν
∂

∂r

(
3 + r

∂

∂r

)
DLL +

4
3
εisor

]
= 0. (34)
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By noting that

∂

∂r

(
3 + r

∂

∂r

)
≡
(

4 + r
∂

∂r

)
∂

∂r

4
3
εisor ≡

(
4 + r

∂

∂r

)(
4
15
εisor

)
(39) can be written(

2
r

+
∂

∂r

)(
4 + r

∂

∂r

)
×
[

1
3
DLLL − 2ν

∂

∂r
DLL +

4
15
εisor

]
= 0 (35)

which is reduced to Kolmogorov’s equation (1) by invoking
the same argument that was used to derive equation (25).

6.2 Axisymmetry with r parallel to λ

Finally, it is worth noting that in the particular axisym-
metric case when r is parallel to λ, equation (33) can be
somewhat simplified. In this case, T2 = T3, D2 = D3 and
T4 = T5 = T6 = 0. However, although the sum T4+T5+T6

is zero, its division by ρ or its derivation with respect to
ρ is not zero. This equation for axisymmetric turbulence,
valid when r is parallel to λ, can be verified by experiment.
In particular, in the inertial range, where the viscous effect
is negligible, equation (33) becomes

∂

∂z
(T1 + 2T2) +

(
1
ρ

+
∂

∂ρ

)
(T4 + T5 + T6) = −4εaxi .

(36)

6.3 Kolmogorov’s equation

In this subsection, we are deriving the axisymmetric form
of Kolmogorov’s equation in the particular case when r is
parallel to λ. First, we are focusing on the properties of the
scalar functions of the third-order tensor: (i) reflectional
symmetry implies that T1, T2 and T3 are odd in z and
even in ρ while T4, T5 and T6 are even in z and odd in ρ;
(ii) when r is parallel to λ, we have T2 = T3 and T4 =
T5 = T6 = 0.

Consequently, since T1, T2 and T3 are even in ρ, their
first-order derivatives with respect to ρ are zero when r
is parallel to λ. Moreover since T4, T5 and T6 are odd
in ρ, their first-order derivatives with respect to z are zero.
An other consequence when ρ = 0 is that the first-order
derivative, with respect to ρ, of T4 (or T5 or T6) is equal to
the ratio T4

ρ (or T5
ρ or T6

ρ respectively). All these remarks
allow us to write equation (36) as follow[(

∂

∂z
+ 2

∂

∂ρ

)
(T1 + 2T2 + T4 + T5 + T6)− 4εaxi

]
ρ=0

= 0.

(37)

Now, let us find a solution to equation (37). One can
note that the dissipation rate is constant. Therefore it is
possible to write (37) as follow[(

∂

∂z
+ 2

∂

∂ρ

)( 6∑
i=1

Ti − εaxi(az + bρ + cρz)

)]
ρ=0

= 0.

(38)

Since T4 = T5 = T6 = 0, a solution to equation (38), in
the case r parallel to λ, is

T1 + 2T2 = −4
3
εaxiz (39)

where z is identical to the spacing r since ρ = 0 (z = r).
equation (39) should have more general validity than the
four-fifths law for isotropic turbulence, i.e. equation (2).

When axisymmetry (with r parallel to λ) turns into
isotropy, equation (39) is reduced to Kolmogorov’s equa-
tion. Indeed, equations (21a, b) are reduced to T1 = DLLL

and T2 = DLNN . The axisymmetric dissipation is reduced
to the isotropic one. Using the relation between the third-
order isotropic scalar functions DLLL and DLNN , equa-
tion (25) and substituting all these relations into (44) yield

1
3

(
4 + r

∂

∂r

)
DLLL = −4

3
εisor (40)

or

1
3

(
4 + r

∂

∂r

)[
DLLL −

4
5
εisor

]
= 0. (41)

By invoking the argument used to derive equation (25), a
solution of equation (41) is the 4

5 law, i.e. equation (2).
Kolmogorov’s equation equation (39) is an exact re-

lation between the longitudinal second order and third
order structure functions, 〈(δu1)2〉 and 〈(δu1)3〉, valid for
the ideal case of homogeneous isotropic turbulence. The
second order structure function, 〈(δu1)2〉, is linked to ki-
netic energy and the third order one, 〈(δu1)3〉, is linked to
energy transfer, two crucial quantities characterizing fully
developed turbulence.

The inertial range law for the third order longitu-
dinal structure function (Eq. (39)) is the only inertial
range scaling law that has been derived from the Navier-
Stokes equations, and must therefore be considered to be
a corner-stone of the theory. The fundamental importance
of this law has been pointed out by Frisch [49] and by Hunt
and Vassilicos [50], among others. It is considered as the
most sensitive and most appropriate test of local isotropy
hypothesis [13]. For example, Kolmogorov’s 4

5 law was
of practical utility for determining the energy dissipation
rate. Since the majority of turbulent energy budgets in the
literature have been based on isotropy, they are likely to be
in error and any conclusion can only be viewed with reser-
vation. Similarly, any computer models that use estimates
of the turbulent energy dissipation based on isotropy, are
likely to be in error. Therefore, relation (39) can be used
as a sensitive test of the accuracy of the measured dissipa-
tion and at the same time the isotropy/anisotropy of the
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third order structure function tensor. The present theory
of local axisymmetric turbulence will clarify the manner in
which local isotropic turbulence comes to prevail and will
account for the reappearance of anisotropy under certain
conditions. The reader can find in Section 7 more details
and a discussion on the consequences of the theory of local
axisymmetric turbulence and of the corresponding form of
Kolmogorov’s equation.

6.4 Limiting form of Kolmogorov’s equation
when r→ 0

6.4.1 Second-order scalar functions

In order to derive the limiting form of the axisymmet-
ric form of Monin’s equation which is exactly equiva-
lent to the limiting form of the axisymmetric form of
Kolmogorov’s equation, when r→ 0, we use Taylors series
expansions about r = 0. For small values of r, we deduce
the expansions of the second-order scalar functions D1,
D2, D3 and D4. For α = 1, 2 or 3, the function Dα has
the following general form

Dα = ρ2

〈(
∂uα
∂ρ

)2
〉

+ z2

〈(
∂uα
∂z

)2
〉

+ z2ρ2

[
1
2

〈
∂2uα
∂ρ2

(
∂2uα
∂z2

)2
〉

+

〈(
∂2uα
∂ρ∂z

)2
〉

+
〈
∂ui
∂ρ

∂3uα
∂ρ∂z2

〉
+
〈
∂uα
∂z

∂3uα
∂ρ2∂z

〉]

+ ρ4

[
1
4

〈(
∂2uα
∂ρ2

)2
〉

+
1
3

〈
∂uα
∂ρ

∂3uα
∂ρ3

〉]

+ z4

[
1
4

〈(
∂2uα
∂z2

)2
〉

+
1
3

〈
∂uα
∂z

∂3uα
∂z3

〉]
+ ...

(42)

We can also simply write this general form for α = 1,
2 or 3

Dα = aαρ
2 + bαz

2 + cαρ
4 + dαz

4 + eαρ
2z2 + ... (43)

and

D4 = a4zρ+ b4zρ
3 + c4ρz

3 + ... (44)

The continuity relations (11a–b) allow us to reduce the
number of coefficients in the previous expansions. For the
particular case ρ = 0, we find

a4 = −b1, b4 = −1
2
e1, c4 = −2d1,

c3 = 5c2 + b4, a3 = 3a2 + a4,

b2 = b3, d2 = d3, e3 = 3e2 + 3c4. (45)

In the isotropic case, we can note that the two scalar
functions DLL and DNN are related to BLL and BNN

DLL(r) = 2 [B(0)−BLL(r)] ,
DNN (r) = 2 [B(0)−BNN (r)] . (46)

Moreover, the expansions of the isotropic functions f
and g are

f =
BLL(r)
BLL(0)

= 1− r2

2λ2
t

+
α

4!
r4 + .... (47)

g =
BNN (r)
BNN (0)

= 1− r2

λ2
t

+
3α
4!
r4 + .... (48)

where λt is the Taylor microscale and BLL(0) =
BNN(0) = u2, u being the root mean square of any veloc-
ity components. Therefore, we can express the expansions
of the structure functions DLL and DNN using the expan-
sions of f and g

DLL(r) = −2u2

(
1− r2

2λ2
t

+
α

4!
r4 + ...

)
(49)

DNN(r) = −2u2

(
1− r2

λ2
t

+
3α
4!
r4 + ...

)
. (50)

Now, when axisymmetry turns into isotropy, equa-
tions (12a–d) yield to

a1 = 2a2 = a3 = 2b1 = b2 = b3 = −u
2

λ2

c1 = 3c2 = c3 = 3d1 = d2 = d3 = −α
8
u2

6e1 = 6e2 = 4e3 = αu2. (51)

6.4.2 Third-order scalar functions

The behaviour of the third-order scalar functions T1, T2,
..., T6, for small values of r, is given by the following ex-
pansions for i = 1, 2 or 3

Ti = z3

〈
∂u1

∂z

(
∂uα
∂z

)2
〉

+

[〈
∂u1

∂z

(
∂uα
∂ρ

)2
〉

+ 2
〈
∂u1

∂z

∂uα
∂ρ

∂uα
∂z

〉]
zρ2 + ... (52)

where i = 1, 2 or 3 corresponds to α = 1, 2 or 3 respec-
tively. We can equivalently write in a simple manner

Ti = αiz
3 + βizρ

2 + .... (53)

Next, for i = 4, 5 or 6

Ti = ρ3

〈
∂u2

∂ρ

(
∂uα
∂ρ

)2
〉

+

[〈
∂u2

∂ρ

(
∂uα
∂z

)2
〉

+ 2
〈
∂u2

∂z

∂uα
∂z

∂uα
∂ρ

〉]
ρz2 + ... (54)

where i = 4, 5 or 6 is relative to α = 1, 2 or 3 respectively.
We can also simply write

Ti = ζαρz
2 + γαρ

3 + ... (55)
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In the case ρ = 0, we have α2 = α3. For small values
of r, the expansion of the longitudinal isotropic structure
function is

DLLL(r) = 〈u3
1,1〉r3 + .... (56)

Combining equations (53, 55, 56) (21a–f) and (25) leads
to

α1 =
3
2
α2 =

3
2
α3 = 〈u3

1,1〉

−6ζ4 = ζ5 = 3ζ6 = 2〈u3
1,1〉· (57)

Note that

〈u3
1,1〉 = B

(3)
LL,L(0) = 6b3 = 6τu3. (58)

6.4.3 The limiting form

We can easily derive the limiting form of the axisymmet-
ric form of Kolmogorov’s equation using the previous ex-
pansions of the second and third order tensors. We can
substitute into the general axisymmetric form of Monin’s
equation (33), the Taylor expansions of the scalar func-
tions T1, ..., T6, equations (53) and (55), and the expan-
sions of the scalar functions D1, ... D3, equations (43), as
well as the axisymmetric form of the dissipation rate (32).
The result is the limiting form of Kolmogorov’s equation
for axisymmetric turbulence when ρ = 0

3
3∑
i=1

αi + 2
3∑
i=1

ζi = 8ν
3∑
i=1

ei + 24ν
3∑
i=1

di. (59)

In view of the isotropic relations (51) and (57), the
result (59) is reduced to the well-known limiting form
of Kolmogorov’s equation when axisymmetry turns into
isotropy 〈(

∂u1

∂x1

)3
〉

= −2ν

〈(
∂2u1

∂x2
1

)2
〉
,

i.e. the isotropic form of the vorticity budget [51,52].
The term 〈u2

1,11〉 is linked to the mean square vorticity
〈ω2

1,2〉 [53], i.e.:

〈u2
1,11〉 =

3
14
〈ω2

1,11〉 ·

The third order moment 〈u3
1,1〉 is equal to

〈u3
1,1〉 = − 2

35

〈
ωiωk

∂ui
∂xk

〉
;

it describes the production of the vorticity by a stretching
of the vortex line. The assumption of isotropy greatly sim-
plifies the discussion of turbulence and many results have
been obtained. The most important result is Kolmogorov’s
equation and its limiting form. However the classical pic-
ture of small scales in turbulence being locally isotropic

and universal is certainly questionable. Thus, the most
readily verifiable consequences of local axisymmetry are
the conclusion that the inertial range Kolmogorov’s law
has the axisymmetric form of equation (39). It is also easy
to verify the implied relations between the squares of space
derivatives of the velocity 〈u3

1,1〉 and 〈u2
1,11〉, i.e. the lim-

iting form (Eq. (59)). The axisymmetric equivalent of the
4
5 law is one of the most important results for fully devel-
oped turbulence because it is both exact and non trivial.
The limiting form (Eq. (59)) of Kolmogorov’s equation
for locally axisymmetric and homogeneous turbulence is
also an important result. It should be the vorticity budget
for locally axisymmetric turbulence. The vorticity budget
is essential to understanding turbulence dynamics. Thus,
these results constitute a kind of “boundary condition” on
the theory of turbulence. All the previous remarks suggest
that further investigations of kinematics and dynamics for
locally axisymmetric turbulence should lead to a useful in-
sight into the fine structure of turbulence.

7 Consequences

Dissipation rate

According to K41, the structure functions obey the re-
lation 〈(δu1)3〉 = Cnr

n/3〈ε〉n/3, where Cn are universal
constants. Of these structure function relations, an exact
relation is known only for the third-order. This exact re-
lation is the 4

5 law of Kolmogorov, equations (2). This law
has been widely used by experimentalists to determine the
scaling range. It was also used to estimate the dissipation
rate ε. But there have been few attempts in the litera-
ture to determine ε directly from this law. Indeed, the
isotropic relation εiso = 15ν〈u2

1,1〉 was generally assumed
to evaluate the energy dissipation rate. Many experimen-
talists have measured this so-called pseudo- dissipation
rate. This was done instead of measuring (Eq. (27b)) the
energy dissipation rate ε directly because it is hard to mea-
sure all the simultaneous components of the strain tensor.
In most cases, it is to be remarked that several current
important ideas on the fine structure of turbulence have
been established by analysis based on εiso. In particular,
it is generally believed that a good indicator of the scaling
range is provided by the behavior of 〈(δu∗1)3〉, namely

〈(δu∗1)3〉 = −4
5
r∗ (60)

the 4
5 law. The superscript * denotes normalization by

the Kolmogorov length scale η and Kolmogorov’s velocity
scale vK = (νεiso)1/4.

However, the true energy dissipation rate ε may give
different results. This possibility has already been pointed
out [54,55]. In the last reference, the authors revealed im-
portant differences between the true ε and the isotropic
one, εiso. This result indicates a need to reconsider any
induction based only on the knowledge from the isotropic
dissipation εiso. Experimentalists have to take into account
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this observation. They have to perform adequate experi-
ments to describe more exactly the behavior of real tur-
bulent flow. In this context, experiments on homogeneous
axisymmetric turbulence are of great interest. Various in-
vestigations have confirmed that turbulent flows encoun-
tered in practice and that many laboratory flows are more
closely approximated by axisymmetry than isotropy, for
example, the fully developed turbulent channel flow, near
the centerline [56]. Consequently, a more confident analy-
sis can be actually achieved if it is based on the axisym-
metric energy dissipation rate εaxi,ρ=0 when r is parallel
to λ, equation (32). All the second-order derivatives in
equation (32) are measurable quantities.

ESS and scaling laws

As we have seen, Kolmogorov’s equation is an exact
relationship between the second and third order func-
tions. When molecular viscosity becomes vanishingly
small (ν → 0) and turbulent dissipation remains finite
(ε〉0), the third order moment is proportional to the space
separation r, equation (2). This equation is used to study
experimentally and numerically the scaling exponents ac-
cording to the ESS. In ESS, the n-order longitudinal ve-
locity structure function 〈δun1 〉 is plotted against the third
order structure function. The idea of plotting a structure
function against the other was first put forward by Benzi
et al. [19]. These authors succeeded in obtaining some very
important results. Indeed, plotting a structure function
against the other generally leads to a somewhat more ex-
tensive scaling range and allows a more confident deter-
mination of the exponents. Recently, Benzi et al. [57] have
presented a generalized version of ESS (called G-ESS)
which turns out to be much more universal and allowed
the authors to draw a concrete theoretical framework of
the energy cascade down to the smallest resolvable case
(i.e. in a region where no anomalous scaling was sup-
posed to be detected). Subsequent extensive investigations
have confirmed that ESS holds at high as well as at low
Reynolds number and it is characterized by the same scal-
ing exponents of the velocity increments of fully developed
turbulence [58]. Numerical and experimental studies sup-
porting the generalized version of ESS have also been re-
ported [59–61].

More recently, the scaling behaviour of the structure
functions has been investigated numerically in the pres-
ence of anisotropic homogeneous turbulence [62]. The-
oretical prediction checked on a number of laboratory
experiments and direct numerical simulations has been re-
ported [63]. It is shown that even in cases where ESS is
not observed, a generalized self-scaling must be observed.
Amati et al. [64] have argued that the failure to observe
ESS in boundary layer turbulence resulted from the lack
of isotropy of the flow. Their anisotropic datasets devi-
ate from ESS. In fact, many practical flow do not comply
with ESS. Under such circumstances, we came to the con-
clusion that with a more elaborate technique, it may be
possible to test applicability of the ESS to non-isotropic

homogeneous turbulence. Namely, the use of axisymmetric
form of Kolmogorov’s equation equation (39), which is an
exact relation between the third-order structure functions
(T1 + 2T2) and the scale r. It allows us to study the scal-
ing exponents of the n-order structure functions. In this
way, one can plot the n-order structure functions against
the sum of the third order scalar functions T1 + 2T2 in-
stead of the third order longitudinal isotropic scalar func-
tion 〈(δu1)3〉. In this case, it would be very interesting to
examine the ESS. One can calculate the anomalous expo-
nents associated with the n-order structure functions and
discuss the self scaling observed in homogeneous axisym-
metric turbulence.

8 Conclusion

Kinematics and dynamics of locally homogeneous axisym-
metric turbulence have been derived with the assumption
that the properties of the turbulence are invariant with
respect to rotation about a preferred direction λ. In par-
ticular, the axisymmetric form of Kolmogorov’s equation
in the inertial range, equation (39). When the more con-
straining assumption of locally isotropy is made, equa-
tion (39) is reduced to Kolmogorov’s equation. The cor-
responding axisymmetric limiting form is reduced to the
isotropic limiting form of Kolmogorov’s equation. We have
summarized all the relations derived in Table 1.

This new analysis offers some means to investigators
interested in the fundamental questions of turbulence. The
results of the preceding sections suggest a number of tests
(numerical or experimental verifications) which can de-
termine whether the constraints of locally axisymmetric
turbulence are satisfied or not. Remember that local ax-
isymmetric turbulence is an assumption intermediate be-
tween local homogeneity for which relevant quantities are
not measurable and local isotropy which is the simplest
case of turbulence or a mathematical idealization. Conse-
quently, only local axisymmetric turbulence makes it pos-
sible to test hypotheses on general effects of anisotropy in
experiments. The present work then provides to the ex-
perimenters the theoretical bases which will be necessary
for them to carry out these tests. The development of such
a theory of axisymmetric turbulence may also be useful in
establishing the circumstances under which isotropy may
be expected to prevail. Moreover, there is a considerable
suspicion that local isotropy is not a sinequanon condition
for a correct description of many turbulent flows. In this
context, it would be very interesting to test experimen-
taly as well as numericaly these new axisymmetric results
and show their validity. These theoretical results are more
general than the previous isotropic ones and they are im-
portant to better understand turbulent flows encountered
in practice. They may have important consequences on
various ideas on the fine structure of turbulence, such as
ESS and the scaling laws for the n-order structure func-
tions. They could argue and explain the failure to observe
ESS in many laboratory experiments and DNS.
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